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A New Understanding of the Navier-
Stokes Millennium Problem

BEYOND THE MILLENNIUM STATEMENT: A DUAL STRUCTURE-
TRANSFORMATION REFORMULATION OF THE NAVIER-STOKES PROBLEM

Perhaps the central question is not only whether a fluid remains smooth, but
how the transformations generated by the flow become—or fail to become—
stable structure.

Introduction

The three-dimensional incompressible Navier—Stokes equations describe the
evolution of a viscous fluid such as water or air. They are among the most
important equations in mathematical physics, engineering, meteorology, and
fluid mechanics.

Their form is familiar:

otu+(u-V)u=-Vp+vAu+f,

together with the incompressibility condition
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V-u=0.

Here:

u(x, t)u(xt) is the velocity field;

p(x, )p(xt) is the pressure;

v > 0v>0 is the viscosity;

f(x, H)f(xt) is an external force.

The Clay Millennium Problem asks, in essence, whether sufficiently smooth,
divergence-free initial data in three spatial dimensions always generate
globally smooth solutions, or whether a finite-time singularity can occur. The
official formulation includes versions on R*R3 and on the periodic three-

dimensional torus.

The statement is already precise. Its difficulty is not caused by vague
terminology.

Nevertheless, it may benefit from a richer representation.

Rather than describing the problem only through fluid states and regularity
classes, we can organize it as a paired system:

N=(S,F),
where:

e SSrecords the stable structure of the fluid state;

e FF records the transformations generated by the evolution.
The corresponding methodological duality is
J:(SF)—(FS)J2=1
The purpose of this reformulation is not to change the Millennium Problem. It

is to expose more clearly the relationship among state, evolution, transport,
dissipation, scale transfer, and singularity formation.

1. The classical initial-value problem

Let uo: R® — R3UO:R3R3 be a smooth divergence-free initial velocity field:
V-u0=0.

We seek functions u(x, t)u(xt) and p(x, t)p(xt) satisfying

Otu+(u-V)u=-Vp+vAu+f,

and

u(x,0)=u0(x).

For suitable smooth, decaying or periodic data, classical local existence
theory provides a smooth solution for a short time. The unresolved issue is
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whether that smooth solution must continue for all t > 0t>0, or whether some
smooth initial state can develop a finite-time singularity. The broader
mathematical difficulty is therefore global existence, uniqueness, and
regularity in three dimensions.

The classical alternative may be written schematically as:
global smoothness or finite-time breakdown

But this formulation compresses several interacting mechanisms into one
yes-or-no question.

2. The structural representation SS

For a fluid state at time tt, define a structural record

St=(ut,wt,pt,Et,Zt,Rt,It),
where:

e u, = u(-,t)ut=u(-t) is the velocity field;

o w, = VXuot=Vxut is the vorticity;

e p, =p(-,)pt=p(-t) is the pressure;

e E.Etrepresents energy data;

e 7./t represents enstrophy and derivative data;

¢ R,Rtrecords spatial regularity;

e [t records relevant invariants or constrained quantities.

STRUCTURAL OBJECTS
The principal objects include:

e velocity;

e vorticity;

e pressure;

e strain;

e energy density;

e vortex lines and tubes;
e Fourier modes;

e regions of concentrated gradients.
STRUCTURAL RELATIONS
Relevant relations include:

e incompressibility;

¢ alignment between vorticity and strain;

e spatial localization;

e correlation across scales;

e geometric configuration of vortex structures;

e pressure—velocity coupling.
STABLE OR CONTROLLED QUANTITIES

For smooth unforced solutions, or under appropriate assumptions, energy
obeys the familiar balance

1 2 ‘ 2 1 2
Slu@®llz +v . VUl ds = Slugl 2,
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with suitable modifications when forcing is present.

This expresses a fundamental structural fact: viscosity dissipates kinetic
energy.

Yet the energy estimate alone does not control sufficiently strong derivatives
of uu. A solution might remain finite in L2L2 while its gradients or vorticity

become unbounded.
The structural question is therefore:

Which combinations of energy, vorticity, strain, geometry, and scale
distribution are sufficient to prevent singularity formation?

3. The transformational representation F
F

The Navier—Stokes equations do not merely describe a static fluid. They
generate a time-dependent transformation of one fluid state into another.

Let
F= (T, A, D, P, R, ®,),

where:

e T,Ttis time evolution;

e A.Atis nonlinear advection;

e DDt is viscous diffusion;

e PP is the pressure or incompressibility projection;

e R,R\represents changes of scale;

o ®,0t represents the fluid flow map when it exists smoothly.

PRIMITIVE TRANSFORMATIONS
The equation combines three principal mechanisms.
TRANSPORT
w-Vyu
moves momentum through the fluid.
DIFFUSION
vAu
smooths the velocity field and dissipates gradients.
PRESSURE REDISTRIBUTION
-Vp
enforces incompressibility through a nonlocal adjustment.

The evolution is therefore a competition:
nonlinear transport and stretching versus viscous smoothing.

TRANSFORMATION QUESTION
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The dynamic version of the Millennium Problem is:

Can the Navier—Stokes evolution transform smooth finite-energy data into
a state with unbounded local structure in finite time?

Or, equivalently:

Does viscosity always dominate the scale-concentrating effects of
nonlinear transport strongly enough to preserve smoothness?

4. The structure—transformation duality

The proposed representation is

N=(S,F),

with

J(SF)—(FS).

For Navier—Stokes, the meaning of this exchange is particularly direct.

The fluid structure determines the instantaneous evolution:

u(t)—otu(t).

Conversely, the accumulated evolution determines the later structure:

{Fs:0<s<t}—St.

Thus:
state generates evolution,

while
evolution generates state.

This is not merely philosophical. It is encoded in the equation itself.

The nonlinear operator
Flu) = — P((u~V)u) + vAu + Pf,

where PP is the Leray projection onto divergence-free vector fields, assigns a

transformation law to every admissible state:
d.u = F(u).

The flow generated by this law, whenever well defined, reconstructs the state
at later times.

The problem is therefore not simply whether uu remains smooth. It is whether
the state-to-transformation correspondence remains well defined for all

time.

5. The vorticity formulation exposes the
core mechanism

Define
w=VXu.
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For an incompressible three-dimensional fluid, the vorticity satisfies
diw+ (u-VYw=(w-V)u+vAw+VXf.

This formulation makes the competing transformations clearer.

VORTICITY TRANSPORT

(u-Vo
moves vorticity through the flow.
VORTEX STRETCHING

(w-V)u
can increase vorticity magnitude.
VISCOUS DIFFUSION

vAw

spreads and weakens concentrated vorticity.

The three-dimensional difficulty lies largely in the vortex-stretching term. In
two dimensions, vorticity has a simpler scalar structure and the
corresponding stretching mechanism is absent. This helps explain why global
regularity is far better understood in two dimensions than in three.

Within the dual framework, vortex stretching is the critical transformation that
may convert moderate structure into increasingly concentrated structure.

The central question becomes:
Can vortex stretching generate concentration faster than diffusion destroys it?

6. Smoothness as closure of the
transformation system

A smooth Navier—Stokes solution may be interpreted as a trajectory
Fn th —t
So—= Sy =S, o

within a specified regularity space.

Global regularity means that the trajectory never leaves the admissible state
space.

Let XX denote a chosen smooth or strong-solution space. Then the desired

closure property is
So€EX = S;€X foreveryt=>0.

Finite-time blow-up would mean that, for some T < coT<eo,
S;€X for0<t<T,

but
lim supllu(t)lly = oo.
erT

The Millennium Problem can therefore be understood as a closure question:

Is the smooth-state space invariant under the full three-dimensional
Navier—Stokes transformation semigroup?
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This is one of the cleanest structure—transformation formulations of the
problem.

7. Singularities as failed reconstruction

In the classical view, a singularity means that a norm becomes unbounded or
the smooth solution cannot be continued.

In the dual view, singularity formation means that the correspondence
between structure and transformation ceases to close.

Before the singular time:
Sy — Fy

is well defined.
At a hypothetical singular time TT, one or more failures may occur:

e derivatives become unbounded;

¢ the classical flow map ceases to be smooth;

e vorticity concentrates at arbitrarily small scales;

¢ the nonlinear evolution leaves the chosen state space;

e uniqueness of continuation may fail;

e the structural description no longer determines a classical
transformation.

Thus blow-up is not merely “a large number.” It is a failure of the
state/evolution reconstruction system.

8. Scale duality
The Navier—Stokes equations have a natural scaling.

If u(x, H)u(xt) and p(x, t)p(x.t) solve the unforced equations, then formally
u,(x, ) = Au(lx, A%0),
p,(x,t) = A’p(Ax, 2°t)

also solve them.

This scaling identifies critical function spaces: spaces whose norms remain
unchanged under the transformation.

The structure—transformation framework should therefore include a scale

pair:
spatial concentration structure <>  rescaling transformation.

A hypothetical singularity may be studied by repeatedly zooming into the
region where the solution concentrates:

U= Uy Uy,

The rescaled sequence may reveal a limiting object such as an ancient
solution, a self-similar profile, or another minimal blow-up structure.

This creates a dual research question:

If singularity formation is possible, what stable structure emerges under

repeated blow-up transformations?
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Conversely:

Can all possible rescaled limiting structures be ruled out?

This is already close to the logic of concentration—compactness and rigidity

arguments used across nonlinear partial differential equations.

9. Energy is not enough: the missing
structural bridge

The energy inequality gives robust global control at the L?L2 level.
But regularity requires stronger information.

The missing bridge has the form
global energy control #  pointwise or derivative control.

A successful proof must identify additional structure that prevents an
energy-preserving or energy-dissipating flow from concentrating into
arbitrarily small regions.

Possible candidates include:

e geometric depletion of vortex stretching;

e alignment constraints;

e critical norm bounds;

e pressure cancellation;

e nonlocal coherence;

¢ scale-local energy inequalities;

e compactness and rigidity of minimal blow-up scenarios.

The reformulated problem therefore asks not merely for an estimate, but for a

bridge:
controlled global structure—controlled transformation at every scale

10. Weak solutions and the structural
hierarchy

Leray weak solutions are known to exist globally for finite-energy initial data.
However, they are not known in three dimensions to be smooth or unique in

the class relevant to the Millennium Problem. The official Clay formulation

distinguishes the existence of weak solutions from the unresolved
smoothness and uniqueness questions.

This suggests a hierarchy of structural spaces:
Xsmooth c Xstrong c Xweak'

The evolution is globally available at the weak level, but its stronger structural

properties are unresolved.

The dual formulation asks:

¢ Does weak evolution regularize itself?

e Can two admissible transformation histories correspond to the same

initial structure?

e Which additional structural conditions recover uniqueness?

¢ Is every weak trajectory generated by a limit of smooth transformations?
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e Can anomalous behavior appear when structural information is lost?

The problem is therefore partly one of determining the correct category in
which the evolution is globally closed and uniquely reconstructible.

11. Positive and negative certificates
The framework suggests explicit forms for what would count as a solution.
POSITIVE CERTIFICATE: GLOBAL REGULARITY

A proof of global regularity would establish a priori control sufficient to

continue every smooth solution indefinitely.

Schematically, one needs a bound of the form
sup llu(®lly < @ (T. v, lluolly, IIfIIZ)
T

0<st<

for every finite TT, in a regularity class XX strong enough to prevent
breakdown.

In dual language:

The transformation system preserves the admissible structural class for all

finite times.
NEGATIVE CERTIFICATE: FINITE-TIME BLOW-UP

A counterexample would require smooth admissible initial data and a finite
time TT such that the corresponding solution loses regularity.

One would need to demonstrate:
lim supllu(t)lly = o
e1T

for an appropriate continuation norm, together with rigorous verification that
the constructed trajectory solves the equations before TT.

In dual language:

The evolution generates a structural state outside the smooth category in
finite time.

12. A dual Navier—Stokes research
programme

The single global question can be decomposed into several linked
subproblems.

A. TRANSFORMATION-CLOSURE PROBLEM

Identify the strongest natural space XX for which
SoEX = S,€X Vt>0.

B. MINIMAL SINGULAR STRUCTURE PROBLEM

Assuming blow-up occurs, construct a minimal blow-up trajectory and
determine its invariant properties.
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C.SCALE-RECONSTRUCTION PROBLEM

Classify possible limiting structures obtained through rescaling near a
hypothetical singularity.

D. VORTICITY-GEOMETRY PROBLEM

Determine which geometric arrangements of vorticity allow or prevent

nonlinear stretching.
E. DISSIPATION-TRANSFER PROBLEM

Quantify whether viscosity can uniformly control the transfer of energy or
enstrophy toward smaller scales.

F. WEAK-TO-STRONG RECONSTRUCTION PROBLEM

Determine conditions under which a weak solution uniquely reconstructs a
smooth or strong evolution.

G. COMPUTATIONAL CERTIFICATE PROBLEM
Develop verified numerical criteria capable of proving either:

e continuation beyond a specified time; or
e formation of a genuine singularity rather than unresolved numerical

concentration.

13. The reformulated problem statement

Dual Navier—Stokes Structure—Transformation Problem.

Let uouO be a smooth divergence-free velocity field on R°R3, or on the
periodic domain T3T3, satisfying the decay, periodicity, and finite-energy
assumptions appropriate to the classical Millennium formulation. Let v > 0

v>0, and consider the incompressible Navier—Stokes equations
dau+ (u-VYu= —Vp+vAu+f, V-u=0, u(-,0) = uy.

Associate to each time tt a structural state S;St, containing the velocity,
vorticity, pressure, energy, regularity, geometric organization, and scale
distribution of the fluid, and associate to the equation a transformation
system F,Ft, containing nonlinear transport, vortex stretching, pressure

redistribution, viscous diffusion, spatial rescaling, and time evolution.

Determine whether the correspondence
J: (S, F) < (F,S)

remains globally closed for every smooth admissible initial state.
Equivalently, determine whether the Navier—Stokes evolution preserves the
smooth structural class for every t > 0t20, producing a unique global
smooth solution, or whether there exist smooth initial data for which the
transformation system generates finite-time loss of regularity.

A complete analysis should identify:

e the structural quantities controlling continuation;
e the transformations capable of creating concentration;
¢ the scale-invariant mechanisms governing possible blow-up;
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¢ the geometric relationship between vorticity and strain;

e the role of viscosity in suppressing small-scale concentration;

e the structure of any minimal singular trajectory;

e and the reconstruction principles relating weak, strong, and smooth

evolution.

This statement preserves the mathematical content of the official problem
while reorganizing it around the central interaction between state and
evolution.

14. A machine-readable problem record

Problem family:
Three-dimensional incompressible Navier-Stokes regularity

Domain:
R”3 or periodic T73

Initial structure:
Smooth divergence-free velocity u_0
Appropriate decay or periodicity
Finite energy

State structure S_t:
Velocity u
Pressure p
Vorticity omega
Strain tensor
Energy
Enstrophy
Regularity norms
Spatial concentration
Scale distribution
Vortex geometry

Transformations F:
Time evolution
Nonlinear advection
Vortex stretching
Pressure projection
Viscous diffusion
Rescaling
Flow-map transport

Invariant constraints:
Incompressibility
Energy balance or inequality
Symmetry and domain conditions

Target:
Global smooth unique evolution

or rigorous finite-time singularity

Positive certificate:
Global continuation estimate in a critical or stronger norm

Negative certificate:
Smooth initial data and verified finite-time blow-up

Duality objective:
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Determine how structural configurations generate
transformation growth, and how transformation histories
reconstruct or destroy regular structure

Central obstruction:
Possible concentration of vorticity and derivatives

15. What this reformulation changes
The classical statement asks:

’ Do smooth solutions exist globally, or can they blow up?

The dual statement asks:

Is the category of smooth incompressible fluid structures invariant under
the nonlinear transformation system generated by transport, stretching,

pressure, and diffusion?
It also asks:

If this invariance fails, what stable structure appears when the failure is
viewed under repeated rescaling?

This does not solve the problem, but it reorganizes the research landscape.

Instead of treating blow-up as an unexplained endpoint, it becomes a
sequence:

smooth structure — scale transfer — concentration — limiting rescaled structure — breakdown or contradict

Similarly, global regularity becomes:

initial structure — controlled transformations — uniform continuation — global structural closure.

Conclusion

The Navier—Stokes problem is already one of the clearest examples of a
structure—transformation problem.

A fluid state determines its instantaneous evolution. That evolution
continuously reconstructs the fluid state. Vorticity geometry shapes vortex
stretching, while vortex stretching reshapes vorticity geometry. Energy is
dissipated globally, yet nonlinear transport may concentrate gradients locally.
Smoothness is therefore not simply a static property: it is the persistence of a

structural class under a nonlinear transformation system.

The dual representation
J: (S, F) < (F,S)

makes that interaction explicit.

Under this framework, global regularity means that the transformation system
remains closed on smooth structures for all time. Blow-up means that the
generated transformations force the state outside that category. Rescaling
then acts as a second duality, turning transient concentration into a
candidate stable limiting object that can be classified or excluded.

The reformulation does not replace the official Clay statement, nor does it
weaken its proof requirements. Its value is methodological: it converts one
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binary question into a structured programme concerning closure, scale,
geometry, reconstruction, and singularity mechanisms.

A problem well stated may be half solved. For Navier—Stokes, the next step
may be to ensure that the statement includes not only the structure of the

fluid, but also the full system of transformations through which that structure

survives—or fails.

Solved Problems Closest
to the Navier—Stokes
Global-Regularity
Problem

What counts as “close”?

Under the structure—transformation formulation, the three-dimensional
Navier—Stokes problem asks whether the smooth-state class is globally

invariant under the transformation system generated by
advection + vortex stretching + pressure redistribution + viscous diffusion.

A solved analogue is therefore close when it preserves as many of the
following features as possible:

1. the same three-dimensional incompressible equations;
2. unrestricted nonlinear transport;

3. vortex stretching;

4. ordinary Laplacian viscosity;

5. arbitrarily large smooth initial data;

6. critical scaling;

7. global existence, smoothness and uniqueness;

8. closure of the structure—transformation correspondence for all time.

No solved case retains all eight. Each known theorem removes, weakens or
controls at least one mechanism that creates the unresolved supercritical
difficulty.

Overall ranking

. What is
What is .
Rank Solved problem restricted or
preserved
changed
Exact equation,
Three-
. . 3D geometry,
dimensional .
) vortex Initial state must
Navier—Stokes . .
1 . stretching, be small in a
with small . .
L ordinary critical norm
critical initial . .
viscosity and
data .
scaling
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. What is
What is .
Rank Solved problem restricted or
preserved
changed
Exact 3D L
Three- . Swirl is absent,
. . equation, .
dimensional . suppressing the
ordinary

axisymmetric

viscosity and

hardest

Navier—Stokes . stretching
. . potentially large .
without swirl mechanism
data
Three- . . L
. . 3D nonlinearity, Laplacian is
dimensional
o pressure, replaced by
hyperdissipative | o
. incompressibility | stronger
Navier—Stokes at . .
and arbitrary fractional
or above the o
. smooth data dissipation
Lions threshold
Exact transport—
Two- pressure— Dimension
dimensional diffusion reduction

incompressible

structure and

removes vortex

Navier—Stokes arbitrary smooth | stretching
data
. Strong
Large, slowly Exact 3D Navier— . .
. . anisotropic
varying or nearly | Stokes equation
structure

two-dimensional
3D data

and some large
initial states

prevents fully 3D
concentration

Lagrangian-
averaged
Navier—Stokes-a

3D
incompressibility
, transport,
pressure and

Small scales are
filtered by an
additional

regularization

a models dissipative
. length
evolution
Nonlinear
No

Viscous Burgers
equation

transport versus
diffusion and
possible
gradient
concentration

incompressibility
. pressure, vector
vorticity or

vortex stretching

The first four provide the strongest comparison. The remaining cases are
useful as controlled laboratories.

1. Three-dimensional Navier—Stokes with
small critical data

WHY THIS IS THE CLOSEST SOLVED CASE

This problem uses the same equations as the Millennium Problem:
Ju+ (u-V)u= —Vp +vAy, V-u=0,
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on the same three-dimensional domain and with the same scaling.

Global well-posedness is known when the initial velocity is sufficiently small
in suitable scale-critical spaces. Koch and Tataru, for example, established
global well-posedness for sufficiently small initial data in BMO~1BMO-1, a

critical space for the Navier—Stokes scaling.
The transformation system remains fully present:

e nonlinear advection;

® pressure projection;

e three-dimensional vortex stretching;
e ordinary Laplacian diffusion;

e transfer across spatial scales.
Only the size of the initial structure is restricted.
STRUCTURE-TRANSFORMATION INTERPRETATION
Let the initial state be $,SO. A critical norm |l - llyll-lIX is invariant under the

Navier—Stokes scaling. The solved theorem has the form
luglly <& = F.(Sp) €X forallt>0.

Smallness ensures that the nonlinear transformation remains subordinate to

the smoothing action of the heat semigroup.

Schematically,

small critical structure — controlled nonlinear transformation — global smooth closure.

WHAT REMAINS MISSING

The Millennium Problem allows arbitrarily large smooth finite-energy initial
data. Critical scaling prevents a simple rescaling argument from making such
data small in a critical norm.

The unresolved bridge is therefore
large critical structure—globally controlled transformation

without assuming that nonlinear interactions begin perturbatively weak.
LESSON

This theorem demonstrates that no new equation or symmetry reduction is
necessary when the nonlinear transformation is initially small. It strongly
suggests that the full problem is about identifying a dynamically generated

form of effective smallness, depletion or dispersion for large data.

Closeness assessment: 9/10.

2. Three-dimensional axisymmetric flow
without swirl

An axisymmetric velocity field without swirl has the form
u=u"(rzt)e, +u’*(r zt)e,

with no azimuthal component u?u6. Global regularity for sufficiently regular

axisymmetric no-swirl solutions is classical. Later literature routinely uses this
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result as the regular baseline against which the much harder axisymmetric-
with-swirl case is compared.

WAHY IT IS EXTREMELY CLOSE
This is still:

¢ the exact three-dimensional Navier—Stokes equation;
e with ordinary viscosity;

e nonlinear transport;

® pressure;

e potentially large data;

e genuine three-dimensional spatial geometry.

Unlike small-data theory, it does not depend primarily on perturbative
amplitude.

WHAT THE NO-SWIRL CONDITION CHANGES

The vorticity has a simplified geometry, and the most dangerous feedback
associated with azimuthal velocity and vortex stretching is removed or

strongly reduced.

The quantity analogous to vorticity divided by radius satisfies an equation
with a favorable maximum-principle or energy structure. This allows diffusion
to control the remaining nonlinear evolution.

In the dual framework,
axisymmetric no-swirl structure — restricted transformation algebra — global regularity.

The initial structure excludes transformations that would generate a fully
three-dimensional twisting and stretching cascade.

WHAT REMAINS MISSING
General three-dimensional flow permits:

e arbitrary orientation of vorticity;

e vortex twisting and reconnection;

e swirl;

e non-axisymmetric instabilities;

e interactions among structures with different axes.

Thus the solved theorem does not establish that diffusion controls the full
transformation system. It establishes closure for a geometrically restricted

invariant class.
LESSON

This case indicates that vorticity geometry, not only vorticity magnitude,
may be decisive. A successful general proof might show that sufficiently
coherent geometric organization dynamically depletes vortex stretching even
without exact symmetry.

Closeness assessment: 8.5/10.
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3. Hyperdissipative three-dimensional
Navier—Stokes

Consider the modified system
du+ (uw-Vyu= —Vp—v(—24)", V-u=0.

For

5
a=-,
4

global regularity for smooth initial data is known; this is commonly called the
Lions threshold.

WHY IT IS CLOSE
The model retains:

e three dimensions;

e incompressibility;

¢ the same quadratic transport;

e pressure redistribution;

e vortex stretching;

e arbitrary smooth initial data;

* a genuine scale-transfer problem.

The major alteration is isolated in one transformation:
A w o — (=A%

STRUCTURE-TRANSFORMATION INTERPRETATION

For ordinary Navier—Stokes, dissipation removes high frequencies at a rate
proportional to approximately |f|2|§|2. Hyperdissipation strengthens that rate
to 1€1°“1]20.

At and above the critical threshold, the smoothing transformation is powerful
enough to dominate nonlinear concentration in the energy hierarchy:

nonlinear scale transfer < high-frequency dissipation.
Consequently, the smooth structural class remains invariant for all time.
WHAT REMAINS MISSING

The Millennium equation corresponds to
a=1,

which lies below the a = 5/4a=5/4 energy-critical threshold. In that regime,
the standard energy structure does not scale strongly enough to control
every possible high-frequency cascade.

The comparison isolates the missing strength:
ordinary dissipation lacks one
quarter derivative relative to the classical global argument

This does not mean a proof literally requires an extra quarter derivative. It
means that a new structural cancellation, geometric depletion or multiscale
constraint must compensate for what direct energy estimates cannot supply.

LESSON
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Hyperdissipative theory is the cleanest experiment showing how much
additional smoothing closes the transformation system. It helps quantify the
analytical gap that any ordinary-viscosity proof must bridge by another
mechanism.

Closeness assessment: 8/10.

4. Two-dimensional incompressible
Navier—Stokes

In two dimensions, smooth finite-energy data generate global smooth
solutions under standard assumptions. The Clay problem description
explicitly contrasts the well-understood two-dimensional theory with the
unresolved three-dimensional case.

WHAT REMAINS IDENTICAL
The equation still contains:

e incompressibility;

e nonlinear advection;

® pressure;

e ordinary viscosity;

e arbitrary large smooth data;
e energy dissipation;

¢ nonlocal coupling through the pressure.
THE DECISIVE STRUCTURAL CHANGE

In two dimensions, vorticity is scalar:
w = aluZ - 62u1,

and satisfies
Jdiw +u-Vo = vAw.

There is no vortex-stretching term
(w-V)u.

This gives a maximum-principle and norm-control structure unavailable in the

same form in three dimensions.

The transformation system becomes
transport+diffusion,

rather than
transport+stretching+diffusion.

DUAL INTERPRETATION

The two-dimensional vorticity structure is closed under the generated

transformations:
wg — w(t),

without any mechanism that directly amplifies vorticity through stretching.

The solved result therefore shows

absence of stretching transformation—global structural closure.
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WHAT REMAINS MISSING

The three-dimensional problem is not merely the two-dimensional problem
with an extra coordinate. The new dimension introduces a qualitatively new
transformation that can amplify vorticity and potentially drive a self-

reinforcing cascade.
LESSON

Any general 3D proof must effectively reproduce one of the advantages of 2D
theory:

e show that stretching is integrably bounded;

¢ identify cancellation in the stretching term;

e prove geometric depletion;

e or construct a replacement maximum principle at a more sophisticated
structural level.

Closeness assessment: 7.5/10.

5. Large structured three-dimensional
data

There are known classes of genuinely large three-dimensional initial data that
produce global smooth solutions. Examples include slowly varying or

anisotropic data constructed as perturbations of two-dimensional flows.
WHY THIS MATTERS
These results show that “large” does not automatically mean dangerous.

A datum may be large in a broad norm while its transformation geometry is
weak in the directions needed to produce a destructive three-dimensional
cascade.

For example, slow variation in one direction can make the flow approximately
two-dimensional:

uy(xq, X2, €x3), 0<ek1.

The amplitude may be large, but the genuinely three-dimensional coupling is

controlled by ee.
STRUCTURE-TRANSFORMATION INTERPRETATION

The relevant small quantity is not necessarily the state itself. It may be the
distance between its transformation algebra and that of a globally regular
invariant class.

large state+weak 3D coupling—controlled evolution.
This is an important refinement of the small-data result.

What remains missing

The initial data must possess special anisotropy, oscillation or slow variation.
General data need not remain close to a two-dimensional manifold of states.
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LESSON
This class supports a central idea of the reformulated problem:

Search for smallness in the transformation channels, not only in the raw
state variables.

A future proof might classify which channels actually drive concentration and

show that the others can be large without danger.

Closeness assessment: 7/10.

6. Lagrangian-averaged Navier—Stokes-
aa

The LANS-aa equations regularize the small-scale dynamics by introducing a
fixed length scale @ > 00>0. Global well-posedness has been proved in three
dimensions for standard versions of the model, including bounded-domain
formulations.

WHY IT IS RELEVANT
These models retain many components of Navier—Stokes:

¢ three-dimensional incompressible flow;
e nonlinear transport;

® pressure;

e viscosity;

e energy structure;

e arelation to turbulence modelling.

But the velocity entering transport is filtered or averaged, weakening the
transfer to arbitrarily small scales.

DUAL INTERPRETATION

The transformation system is modified by placing a structural resolution limit

into the dynamics:
small-scale state — filtered transformation.

The model is globally closed because the transformation cannot generate
arbitrarily fine uncontrolled structure in the same way as the unfiltered
equation.

WHAT REMAINS MISSING

For fixed a > 00>0, the model is not the original Navier—Stokes equation. The

estimates may deteriorate as
a—- 0.

A uniform limit strong enough to imply regularity of ordinary Navier—Stokes is

not known.
LESSON

Regularized models show that controlling the map from fine structure to
nonlinear transport is sufficient for closure. They may therefore help identify
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which multiscale information must be bounded uniformly in a limiting

argument.

Closeness assessment: 6/10.

7. The viscous Burgers equation

The viscous Burgers equation is
ou+ud,u = vo,u.

Smooth initial data remain globally smooth when v > 0v>0. The equation can

be transformed using the Cole—Hopf substitution into a linear heat equation.
WHY IT BELONGS IN THE COMPARISON

It captures the basic competition
nonlinear steepening versus viscous smoothing.

Without viscosity, shocks can form. With positive viscosity, diffusion prevents

derivative blow-up.
It therefore provides a complete solved example of the structural question:

Can nonlinear transport generate concentration faster than diffusion
removes it?

For Burgers, the answer is no.

Duality mechanism

The Cole—Hopf transformation converts nonlinear evolution into linear

diffusion:
nonlinear transport-diffusion structure <>  heat-flow transformation.

This is perhaps the purest example of a useful structure—transformation
duality.

WHY IT IS NOT VERY CLOSE
Burgers lacks:

e incompressibility;

e pressure projection;

e vector-valued vorticity;

e vortex stretching;

¢ nonlocal geometric coupling.

The precise mechanism suspected of creating difficulty in 3D Navier—Stokes

is absent.
LESSON

Its relevance is methodological: a suitable change of variables can reveal a
hidden dissipative structure that is invisible in the original nonlinear equation.

Whether an analogue exists for Navier—Stokes remains unknown.

Closeness assessment: 4.5/10.
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Comparative scorecard

The following scores are qualitative, from O to 2.

Solved
case

Exact
3D
equati
on

Large
data

Vortex
stretc
hing

Ordina
ry
viscosi
ty

Critica
|

scalin
g

Global
smoot

hness

Total
n2

Small
critical
3D
data

10

Axisym
metric,
no

swirl

10

Hyperd
issipati
ve 3D
NS

Two-
dimens
ional
NS

Large
structu
red 3D
data

10

LANS-

aao

Viscou
s
Burger
s

The totals alone do not determine the ranking. Large structured data score

highly because they solve the exact equation, but they impose highly

specialized geometry. Hyperdissipation changes the equation but preserves

the dangerous full three-dimensional nonlinear interaction.

What these solved cases reveal

collectively

Each solved analogue closes the structure—transformation loop by controlling

a different component.
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Small critical data: the full nonlinear transformation starts weak;
Axisymmetry without swirl: the dangerous geometric channel is removed;
Hyperdissipation: the smoothing transformation is strengthened;
Two dimensions: vortex stretching does not exist;
Large structured data: the genuinely 3D coupling is weak;
LANS-\alpha: small-scale transport is filtered;
Burgers: a hidden transform linearizes the competition.

Small critical data:Axisymmetry without swirl:Hyperdissipation:Two dimensions:Large structured data:LA
\alpha:Burgers:

the full nonlinear transformation starts weak;the dangerous geometric channel is removed;the smoothin,
scale transport is filtered;a hidden transform linearizes the competition.

This suggests that the open problem is not a complete mystery. The principal
mechanisms are individually understood in controlled regimes.

The unresolved question is whether general three-dimensional Navier—Stokes
automatically generates one of these controls before concentration becomes

singular.

A stronger formulation emerging from
the comparison

The comparison suggests replacing the binary question
‘ Does every smooth solution remain smooth?
with a more operational programme.

Let
C = {critical amplitude, vorticity geometry, stretching efficiency, scale flux, anisotropy, dissipation rate}

be a vector of transformation-channel measurements.
The research objective becomes:

Prove that every smooth three-dimensional Navier—Stokes trajectory either
remains in a controlled region of CC, or is dynamically transformed into one
of the known globally regular regimes before a singularity can form.

Equivalently, identify a functional Q(S,, F,)Q(St,Ft) satisfying one of the

following:
sup Q(Sy Fy) <
0<t<T
for every finite TT, or
Q(SpF) —

only through a minimal blow-up configuration that can be classified and ruled

out.

This would unify the lessons of the solved analogues.

The closest model depends on the
research question

There is no single undisputed winner.
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¢ Closest in equations: small-data and large-structured-data results for

the exact 3D system.
¢ Closest for arbitrary large data: axisymmetric flow without swirl.
¢ Closest in retaining unrestricted vortex stretching: hyperdissipative

3D Navier—Stokes.
¢ Closest complete large-data fluid theory: two-dimensional Navier—

Stokes.
¢ Closest example of an explicit structural duality solving nonlinear

regularity: viscous Burgers through Cole—Hopf.

My overall first choice is small-critical-data 3D Navier—Stokes, because
nothing in the equation or transformation system is removed. The only
missing step is replacing assumed initial smallness with a mechanism that
controls arbitrary large states.

The most informative contrast, however, is the pair:
2D Navier-Stokes versus 3D axisymmetric flow without swirl

Both become globally regular when vortex stretching is absent or
geometrically depleted. That strongly identifies the central structure—

transformation bridge still missing from the full problem:
general 3D vorticity geometry — quantitative control of stretching at every scale.

A successful global-regularity proof would most likely show that the full
transformation system contains an as-yet-unidentified mechanism playing
the role of smallness, symmetry, enhanced dissipation, or geometric depletion
—without having to assume any of them at the initial time.

What transformation-invariant structure must every possible blow-
up orbit converge to?

Can we characterize that structure independently of the particular norm usedto detect it?
A universal transformation invariant that controls the entire scale-evolution orbit of a potentiz

Research Question:

Can vortex stretching increase the invariant at exactly the rate that diffusion decreases it?
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